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1. If G a vertex minimal imperfect graph then show that x(G) = w(G)+1 and x(G\z) =
w(@) for all z in V(G). [15]

2. If G1,Go are two graphs with vertex sets Vi, Vo respectively, then their cartesean
product Gy x Gy is the graph with vertex set Vi x V5 such that (z1,y1) and (x2,y2)
are adjacent in G1 x G iff either x1 = x9 and y1,y2 are adjacent in Go or y1 = yo
and z1,x9 are adjacent in G1. Show that x(G7 x Ga) = max(x(G1), X(G2)).  [20]

3. For n > 2, the Mobius ladder L,, is the graph with 2n vertices x4, ..., xn, y1, ..., yn and
3n edges {xiayi}(l <1< n)? {xiﬂxi+1}7 {yi,yz‘+1}(1 <1< n) and {xmyl}?{ymxl}'
Show that L,, is not a matchstick graph. That is, it is not possible to draw it on
the plane with vertices represented by 2n distinct points and edges represented by
straight line segments of unit length. [20]

4. If ¥, e, f are the number of vertices, edges and faces of a planar graph, then prove
Euler’s formula ¢ — e + f = 2. Hence show that e < 3(¥ — 2) when ¥ > 3. Give an
example of a six vertex planar graph attaining equality here. [20]

5. If G is a connected graph with diameter 2 and girth 5, then find the possible values
of its degree. Show that there is a unique such graph of degree 3. [20]



